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A V E R A G E D  E X P R E S S I O N  F O R  T H E  B U L K - D E N S I T Y  V E C T O R  

OF T H E  C A P I L L A R Y  F O R C E  IN A S I N T E R E D  P O W D E R  M I X T U R E  

V. P. B u s h l a n o v  UDC 541.24:532.5 

An expression for the surface force in a medium with developed boundary surface that 'is con- 
venient for practice is obtained by an additional space averaging of the known expression for 
the bulk density of this force in the form of surface-cheWy doubled density tensor divewence. 

Upon hot  pressing of powders and their free sinteriug the powder particles are melted; this leads 
to the formation of a developed interface surface subjected to the action of surface-tension forces in such 
media [1]. In this case, a significant capillary pressure proportional to 2Z/ r ,  where Z is the surface-tension 
coefficient and  r is the radius of curwtture, acts on the particle surfaces. ~Ve co~tsider the combined action 
of capillary forces in the processes of hot l)ressing and sintering within the framework of a physical model 
and the complete system of averaged equations of tim mechanics of tmterogeneous media [2]. The averaged 
surface-force bulk density PE  in the averaged momentum equation for the interphase boundary has the form 
[2, formulas (2.2.33) and (2.3.2)] 

P~ = st2 5'$1.----~, E'd'l , (1) 
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E '  = V r l 2 ,  (2)  

�9 ~r_, is the interphase-surface area per unit vohmm, 5PL is the interphase boundary in tim averaging volume 
dV which bounds  the areas of the elemerlts forming the interphase surface 5~St2 contained in tim volume dV, 
dq is the element of length of the l)oundary 5~L, ( .)t2 is tlm averaging over the entire interphase surface 
contained in the  volume dV, and 7"m is the unit vector tangent to the interphase surface: 

r , 2  = l • n .  (3)  

Here n is the unit  normal vector of th(? interphase surface and I is the unit vector tangent to the interph~tse 
boundary 5~L. Below, we derive an expression (Pz )  that is con~enient for applications by means of the 
additional spatial  averaging (1) within the framework of the t)hysical model from [2]. 

We average (1) m~ follows. Let dVl be tim cube with face A. We choose the following N - 1 ('ul)es 
dV,,~ (,n = 2, 3 . . . . .  N) in such a way that each (,n + 1)th cul)e contains the ruth cube and the (listailce 
be, twe(,n the surfaces of the a(ljacent cubes is equal to 5 << A. Figure 1 shows tim 1)oundaries of the cube 
faces d~/~n ( the solid curw~) and d~n+t  (the (lashed cur~x~) which are perpendicular to the unit vector of 
the coordinate system e3, and the shaded regions are the intersection of the cube face dk;t~ with the melted 
l)articles contained in the t)owder volume. We write the a~x~,raging (1) in the tbrm 
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Here (7'Sm,m is the magnitude of the interphase surface in the volume dVm. As in [2], summation is performed 
over tile uth boundaries (TPL,n(I/) lying only oil the cube faces dVm and being tile lines of intersection of these 
faces with the interphase surface. The integrals over the segments of the contours 5'Lm@), which are the 
cominon boundaries of the singly connected surfaces of the imfltiply connected interphase boundary inside 
the vohnnes diG,,,, wmish upon summation, because the unit vectors ~'12 of the adjacent surfaces have the 
opposite directions. Let 

a = 5N, (5) 

where (7 << a << A. From (2)-(5), we have 

lms 1 Z ( 7  / E ( r l 2 . e i ) d ' l ,  (6) 

= i~ 5 ' L , n ( ~ ' )  

Here ei is the unit vector of the orthogonal coordinate system and (PE>i is the ith component of the capillary- 
force averaged density (4). Let the subscript g niean the cube side the normal to which is e.q. We have 

(7 = Irgl dr ,  (7) 

where vg = ~r12 �9 e q and dv is the distance reckoned along the interphase surface toward "rt2. Figure 2 shows 
the fragment of a powder particle contained in the cube dVm (the solid line) and the fragment of this particle 
contained between the cube faces dVm and dVm+t perpendicular to e3 (the dashed line). Because l - eg = 0 
on the cube face, one can decompose the vector eg only in terms of the vectors n and "r12: 

e.q = n g n  + r~lrl,2. (8) 

Here n~l = n �9 ess. MultiI)lying (8) scalarly by ei, we obtain 

Tirg = 5~ 9 -nin<j, (9) 

where (Tie is the Kronecker synfi)ol. Replacing (6) dV,,~ by dVl, with an error of about a / A  << 1, from (6), 
(7), and (9) we obtain 

{P~}~=;1 :? E [/(5~g-n~ng)d'S'-= ~ m § s~.9/(5~g-ninn)d'S ]. (10) 
12,g 
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Here dS' = dl dr and S+,q and S-~2,g (g = 1, 2, 3) are the interphase surfaces contained in the vohunes of the 
truncated pyramids whose bases are the parallel cube faces dVl and dV, v ( the superscript plus corresi)onds to 
tim truncated pyramids constructed on the sides of the above-in(licated cubes having the positive coordinates 
relative -* the center of the cube dtq). In deriving (10), it was taken into account that 5 = T.~j dr for truncated 

pyrami(is with the plus sui)erscript and 5 = -Tg dr for t runcated Iwramids with the minus superscript. 

Let 
E 

I (5ig - n,i'r@ d'S. (11) 
~g = 2dV ._ 

dS12 

where T~g is the bulk-density tensor of the surface energy (the surface-energy tensor was introduced in [3]). 
Since Tg.q = Esm from (11), the trace of the bulk-density tensor of the surface energy is equal to the 

bulk density of the surface onerous.. 
Using (11), we expand (10) in a power series of A, discarding terms of order A 2 and allowing for the 

fact that  the vohlmes of the truncated pyramids are equal to approximately aA 2. We obtain 

3 
<P2>i = 2" E Tig(t.x + e:jA/2) - ~:.q(t x - e.qA/2) = 2 OT~:.q. 

A Oz~ (12) 
g= |  

Here t is the time, x are tim coordinates of ttm center of  the cube dVl, and x :t: egA/2 are the coordinates of 
the faces of this cul)e. 

By amdogy with the differential equations of mot ion  in the cont inumn modcls with tim use of stress- 
tensor divergence and according to (12), the tensor 2Tig can .be called a capillary-stress tensor. 
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